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Abstract
In this paper, we introduce a new definition of a hom-Lie bialgebra, which is equivalent to
a Manin triple of hom-Lie algebras. We also introduce a notion of an O-operator and then
construct solutions of the classical hom-Yang-Baxter equation in terms of O-operators and
hom-left-symmetric algebras.
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1 Introduction
The notion of a hom-Lie algebra was introduced by Hartwig, Larsson, and Silvestrov in [5] as
part of a study of deformations of the Witt and the Virasoro algebras. In a hom-Lie algebra, the
Jacobi identity is twisted by a linear map, called the hom-Jacobi identity. Some q-deformations of
the Witt and the Virasoro algebras have the structure of a hom-Lie algebra [5]. Because of close
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algebras
0MSC: 17A30,17B62.
∗Research partially supported by NSFC (11101179, 11271202, 11221091) and SRFDP (20100061120096,
20120031110022).
1
relation to discrete and deformed vector fields and differential calculus [5, 6, 7], hom-Lie algebras
are widely studied in the following aspects: representation and cohomology theory [1, 2, 11, 14],
deformation theory [8], categorification theory [12], bialgebra theory [3, 13, 15]. See [9, 10, 16, 17]
for other interesting hom-algebra structures.
In [13], the author introduced a notion of a hom-Lie bialgebra, and study coboundary ones and
triangular ones in detail. A hom-Lie bialgebra is a hom-Lie algebra (g, [·, ·]g, φg) together with a
cobracket ∆ : g −→ ∧2g such that ∆ is a 1-cocycle:
∆[x, y]g = adφg(x)∆(y)− adφg(y)∆(x).
In the case of the ordinary Lie algebras, there is a Manin triple of Lie algebras which is equivalent
to a Lie bialgebra. However, a hom-Lie bialgebra defined above does not satisfy this property.
In this paper, we introduce a new definition of a hom-Lie bialgebra (Definition 3.3). Now given
a hom-Lie bialgebra (g, g∗), g⊕g∗ is a hom-Lie algebra such that (g⊕g∗; g, g∗) is a Manin triple of
hom-Lie algebras. We also study the classical hom-Yang-Baxter equation in detail, and construct
an r-matrix in the semidirect hom-Lie algebra by introducing a notion of an O-operator for a
hom-Lie algebra.
The paper is organized as follows. In Section 2, we recall representations of hom-Lie algebras
and corresponding coboundary operators. In particular, we extend the hom-Lie bracket to Λ•g,
which will be used when we consider coboundary hom-Lie bialgebras. Given a representation
(V,A, ρ), we also give the condition under which (V ∗, A∗, ρ∗) is also a representation. In this case,
we say that the representation is admissible. We also give some basic properties for admissible
representations. In Section 3, we introduce the notions of a matched pair of hom-Lie algebras, a
hom-Lie bialgebra, and a Manin triple of hom-Lie algebras. The following three expressions are
equivalent: (g, g∗) is a hom-Lie bialgebra, (g, g∗; ad∗, ad∗) is a matched pair of hom-Lie algebras,
and (g⊕g∗; g, g∗) is a standard Manin triple of hom-Lie algebras. In Section 4, we study coboundary
hom-Lie bialgebras and triangular hom-Lie bialgebras. In particular, we describe the condition of
r being a solution of the classical hom-Yang-Baxter equation using a cocycle condition. We also
consider Lagrangian hom-subalgebras at the end of this section: we prove that GR is a Lagrangian
hom-subalgebra of g ⊕ g∗, which is the double of a hom-Lie bialgebra (g, g∗) if and only if R
satisfies a Maurer-Cartan type equation (Theorem 4.11). In Section 5, we study r-matrices in
terms of operator forms. We introduce a notion of an O-operator, which can be viewed as a
special hom-Nijenhuis operator for the semidirect product hom-Lie algebra. The relations between
O-operators and hom-left-symmetric algebras are studied. At last, we construct solutions of the
classical hom-Yang-Baxter equation in the semidirect product hom-Lie algebras in terms of O-
operators (Theorem 5.12) and hom-left-symmetric algebras (Corollary 5.13) .
Throughout this paper, all vector spaces and algebras are assumed to be finite-dimensional,
although many results still hold in the infinite-dimensional case.
Notations: x, y, z, xi, yi are elements in g, ξ, η, γ are elements in g
∗ and u, v, w are elements
in V . ad and ad are the adjoint representation associated to hom-Lie algebras g and g∗ respectively.
2 Representations of hom-Lie algebras
In this section, we recall some basic notions and facts about hom-Lie algebras and their represen-
tations [5, 11].
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Definition 2.1. [5] A hom-Lie algebra1 is a triple (g, [·, ·]g, φg) consisting of a linear space
g, a skew-symmetric bilinear map (bracket) [·, ·]g : ∧
2g −→ g and an algebra homomorphism
φg : g −→ g satisfying
[φg(x), [y, z]g]g + [φg(y), [z, x]g]g + [φg(z), [x, y]g]g = 0. (1)
A hom-Lie algebra (g, [·, ·]g, φg) is said to be regular (involutive), if φg is nondegenerate (satisfies
φ2g = Id).
A subspace h ⊂ g is a hom-Lie subalgebra of (g, [·, ·]g, φg) if φg(h) ⊂ h and h is closed under
the bracket operation [·, ·]g, i.e.
[x, x′]g ∈ h, ∀ x, x
′ ∈ h.
The bracket operation could be extended to Λ•g via
[x1∧· · ·xm, y1∧· · · yn]g =
∑
i,j
(−1)i+j [xi, yj ]g∧φg(x1)∧· · · x̂i · · ·∧φg(xm)∧φg(y1)∧· · · ŷj · · ·∧φg(yn).
By the fact that φg is an algebra homomorphism, it is easy to see that the extended bracket satisfies
[P,Q]g = −(−1)
(p−1)(q−1)[Q,P ]g,
[P,Q ∧R]g = [P,Q]g ∧ φg(R) + (−1)
q(p−1)φg(Q) ∧ [P,R]g,
[φg(P ), [Q,R]g]g = [[P,Q]g, φg(R)]g + (−1)
(p−1)(q−1)[φg(Q), [P,R]g]g,
for any P ∈ Λpg, Q ∈ Λqg, R ∈ Λrg.
For any x ∈ g, define adx : Λ
pg −→ Λpg by adxP = [x, P ]g. Its dual map ad
∗
x : Λ
pg∗ −→ Λpg∗
is defined as usual:〈ad∗xΦ, P 〉 = −〈Φ, adxP 〉. More precisely, for any ξ1, · · · , ξp ∈ g
∗, we have
ad∗x(ξ1 ∧ · · · ξp) =
p∑
i=1
φ∗g(ξ1) ∧ · · · ad
∗
xξi ∧ · · ·φ
∗
g(ξp). (2)
Definition 2.2. A homomorphism of hom-Lie algebras f : (g, [·, ·]g, , φg) −→ (k, [·, ·]k, φk) is
a linear map f : g −→ k such that
f [x, y]g = [f(x), f(y)]k, (3)
f ◦ φg = φk ◦ f. (4)
Let (g, [·, ·]g, φg) be a hom-Lie algebra and V be an arbitrary vector space. Let A ∈ gl(V ) be an
arbitrary linear transformation from V to V . The notion of a representation of a hom-Lie algebra
(g, [·, ·]g, φg) was introduced in [11].
Definition 2.3. A representation of a hom-Lie algebra (g, [·, ·]g, φg) on a vector space V
with respect to A ∈ gl(V ) is a linear map ρ : g −→ gl(V ), such that for any x, y ∈ g, the following
equalities are satisfied:
(i) ρ(φg(x)) ◦A = A ◦ ρ(x);
(ii) ρ([x, y]g) ◦A = ρ(φg(x)) ◦ ρ(y)− ρ(φg(y)) ◦ ρ(x).
1The hom-Lie algebras defined here are also called multiplicative hom-Lie algebras in some references.
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We denote a representation by (V,A, ρ). It is straightforward to see that (g, φg, ad) is a repre-
sentation, called the adjoint representation.
Given a representation (V,A, ρ), we can construct a new hom-Lie algebra g ⋉ρ V = (g ⊕
V, [·, ·]g⋉ρV , φg ⊕A) as the semidirect product:
(φg ⊕A)(x, u) = (φg(x), A(u)),
[(x, u), (y, v)]g⋉ρV = ([x, y]g, ρ(x)(v) − ρ(y)(u)).
Given a representation (V,A, ρ), define ρ∗ : g → gl(V ∗) by
〈ρ∗(x)(α), v〉 = −〈α, ρ(x)(v)〉, ∀ x ∈ g, α ∈ V ∗, v ∈ V. (5)
As observed in [2], (V ∗, A∗, ρ∗) is not a representation of g on V ∗ with respect to A∗ in general.
However, it is easy to obtain the following result by definition.
Lemma 2.4. Let (g, [·, ·], φg) be a hom-Lie algebra and (V,A, ρ) be a representation. Then
(V ∗, A∗, ρ∗) is a representation if and only if the following equations hold:
(i) A ◦ ρ(φg(x)) = ρ(x) ◦A;
(ii) A ◦ ρ([x, y]g) = ρ(x) ◦ ρ(φg(y))− ρ(y) ◦ ρ(φg(x)).
A representation (V,A, ρ) is called admissible if (V ∗, A∗, ρ∗) is also a representation, i.e. con-
ditions (i) and (ii) in the above lemma are satisfied. When we focus on the adjoint representation,
we get
Corollary 2.5. Let (g, [·, ·]g, φg) be a hom-Lie algebra. The adjoint representation (g, φg, ad) is
admissible if and only if the following two equations hold:
[(Id − φ2g)(x), φg(y)]g = 0, (6)
[(Id − φ2g)(x), [φg(y), z]g]g = [(Id − φ
2
g)(y), [φg(x), z]g]g. (7)
Remark 2.6. If (g, [·, ·]g, φg) is a regular hom-Lie algebra, Eq. (6) implies that the image of
Id−φ2g, denoted by Im(Id−φ
2
g), belongs to the center of g, denoted by Cen(g). If so, Eq. (7) holds
naturally. Thus, for a regular hom-Lie algebra, the induced map ad∗ is a representation if and only
if Im(Id− φ2g) ⊂ Cen(g).
Definition 2.7. A hom-Lie algebra (g, [·, ·]g, φg) is called admissible if its adjoint representation
is admissible, i.e. Eqs. (6) and (7) are satisfied.
Corollary 2.8. Let (g, [·, ·]g, φg) be a regular admissible hom-Lie algebra, then we have
ad∗xφ
∗
g
2(ξ) = ad∗xξ.
Proof. If g is regular, by Eq. (6), we have [φ2g(x), y]g = [x, y]g. Thus we have
〈ad∗xφ
∗
g
2(ξ), y〉 = −〈ξ, φ2g[x, y]g〉 = −〈ξ, [φ
2
g(x), φ
2
g(y)]g〉
= −〈ξ, [x, φ2g(y)]g〉 = −〈ξ, [x, y]g〉 = 〈ad
∗
xξ, y〉,
which implies the conclusion.
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Lemma 2.9. Let (g, [·, ·]g, φg) and (g
∗, [·, ·]g∗ , φg∗) be two admissible hom-Lie algebras. Then we
have
[ξ, ad∗φg(y)η]g∗ = [(φ
∗
g)
2(ξ), ad∗φg(y)η]g∗ .
Proof. For any x ∈ g, since (g, [·, ·]g, φg) is admissible, we have
〈[ξ, ad∗φg(y)η]g∗ , x〉 = −〈ad
∗
ξx, ad
∗
φg(y)η〉 = 〈[φg(y), ad
∗
ξx]g, η〉
= 〈[φg(y), φ
2
gad
∗
ξx]g, η〉 = 〈[ξ, φ
∗
g
2ad∗φg(y)η]g∗ , x〉,
which implies that
[ξ, ad∗φg(y)η]g∗ = [ξ, φ
∗
g
2ad∗φg(y)η]g∗ .
Since (g∗, [·, ·]g∗ , φg∗) is also an admissible hom-Lie algebra, we get
[ξ, φ∗g
2ad∗φg(y)η]g∗ = [φ
∗
g
2(ξ), φ∗g
2ad∗φg(y)η]g∗ = [φ
∗
g
2(ξ), ad∗φg(y)η]g∗ ,
which implies the conclusion.
The set of k-cochains on g with values in V , which we denote by Ck(g;V ), is the set of
skew-symmetric k-linear maps from g× · · · × g (k-times) to V :
Ck(g;V ) , {f : ∧kg −→ V is a k-linear map}.
A k-hom-cochain on g with values in V is defined to be a k-cochain f ∈ Ck(g;V ) such that
it is compatible with φg and A in the sense that A ◦ f = f ◦ φg, i.e.
A(f(x1, · · · , xk)) = f(φg(x1), · · · , φg(xk)).
Denote by Ckφg,A(g;V ) the set of k-hom-cochains:
Ckφg,A(g;V ) , {f ∈ C
k(g;V )| A ◦ f = f ◦ φg}.
In [11], the author defined the coboundary operator dρ : C
k
φg,A
(g;V ) −→ Ck+1φg,A(g;V ) by setting
dρf(x1, · · · , xk+1) =
k+1∑
i=1
(−1)i+1ρ(φkg(xi))(f(x1, · · · , x̂i, · · · , xk+1))
+
∑
i<j
(−1)i+jf([xi, xj ]g, φg(x1) · · · , x̂i, · · · , x̂j , · · · , φg(xk+1)). (8)
The equality d2ρ = 0 was proved in [11]. Thus, we can obtain the cohomology of hom-Lie algebras.
Associated to the trivial representation, the set of k-cochains on g, which we denote by Ck(g),
is the set of skew-symmetric k-linear maps from g × · · · × g to R, i.e. Ck(g) = ∧kg∗. The set of
k-hom-cochains is given by
Ckφg(g) = {f ∈ ∧
kg∗|f ◦ φg = f}.
The corresponding coboundary operator dT : C
k
φg
(g) −→ Ck+1φg (g) is given by
dT f(x1, · · · , xk+1) =
∑
i<j
(−1)i+jf([xi, xj ]g, φg(x1), · · · , x̂i, · · · , x̂j , · · · , φg(xk+1)).
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3 Matched pairs, hom-Lie bialgebras, and Manin triples
Let (g, [·, ·]g, φg) and (g
′, [·, ·]g′ , φg′) be two hom-Lie algebras. Let ρ : g −→ gl(g
′) and ρ′ : g′ −→
gl(g) be two linear maps. On the direct sum of the underlying vector spaces, g ⊕ g′, define
φd : g⊕ g
′ −→ g⊕ g′ by
φd(x, x
′) = (φg(x), φg′ (x
′)), (9)
and define a skew-symmetric bilinear map [·, ·]d : ∧
2(g⊕ g′) −→ g⊕ g′ by
[(x, x′), (y, y′)]d =
(
[x, y]g − ρ
′(y′)(x) + ρ′(x′)(y), [x′, y′]g′ + ρ(x)(y
′)− ρ(y)(x′)
)
. (10)
Theorem 3.1. With the above notations, (g ⊕ g′, [·, ·]d, φd) is a hom-Lie algebra if and only if ρ
and ρ′ are representations and
ρ′(φg′ (x
′))[x, y]g = [ρ
′(x′)(x), φg(y)]g + [φg(x), ρ
′(x′)(y)]g
+ρ′(ρ(y)(x′))(φg(x)) − ρ
′(ρ(x)(x′))(φg(y)), (11)
ρ(φg(x))[x
′, y′]g′ = [ρ(x)(x
′), φg′(y
′)]g′ + [φg′ (x
′), ρ(x)(y′)]g′
+ρ(ρ′(y′)(x))(φg′ (x
′))− ρ(ρ′(x′)(x))(φg′ (y
′)). (12)
Proof. If (g⊕ g′, [·, ·]d, φd) is a hom-Lie algebra, by the fact that φd is an algebra homomorphism
with respect to [·, ·]d, we have
φd[x, x
′]d = [φg(x), φg′ (x
′)]d,
which implies that
φg′ρ(x)(x
′) = ρ(φg(x))(φg′ (x
′)), (13)
φgρ
′(x′)(x) = ρ′(φg′(x
′))(φg(x)). (14)
Computing the hom-Jacobi identity for x, y ∈ g and x′ ∈ g′, we have
[[x, y]d, φg′ (x
′)]d + [[y, x
′]d, φg(x)]d + [[x
′, x]d, φg(y)]d
= ρ([x, y]g)(φg′(x
′))− ρ′(φg′(x
′))([x, y]g) + [ρ(y)(x
′)− ρ′(x′)(y), φg(x)]d
+[ρ′(x′)(x) − ρ(x)(x′), φg(y)]d
= ρ([x, y]g)(φg′(x
′))− ρ′(φg′(x
′))([x, y]g) + ρ
′(ρ(y)(x′))(φg(x)) − ρ(φg(x))ρ(y)(x
′)
−[ρ′(x′)(y), φg(x)]g + [ρ
′(x′)(x), φg(y)]g − ρ
′(ρ(x)(x′))(φg(y)) + ρ(φg(y))ρ(x)(x
′)
= 0,
which implies that
ρ([x, y]g) ◦ φg′ = ρ(φg(x))ρ(y) − ρ(φg(y))ρ(x), (15)
ρ′(φg′ (x
′))([x, y]g) = ρ
′(ρ(y)(x′))(φg(x))− [ρ
′(x′)(y), φg(x)]g
+[ρ′(x′)(x), φg(y)]g − ρ
′(ρ(x)(x′))(φg(y)). (16)
Similarly, computing the hom-Jacobi identity for x ∈ g and x′, y′ ∈ g′, we get
ρ′([x′, y′]g′) ◦ φg = ρ
′(φg′ (x
′))ρ′(y′)− ρ′(φg′(y
′))ρ′(x′), (17)
ρ(φg(x))([x
′, y′]g′) = ρ(ρ
′(y′)(x))(φg′ (x
′))− [ρ(x)(y′), φg′ (x
′)]g′
+[ρ(x)(x′), φg′(y
′)]g′ − ρ(ρ
′(x′)(x))(φg′ (y
′)). (18)
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By Eqs. (13) and (15), we deduce that ρ is a representation of the hom-Lie algebra (g, [·, ·]g, φg) on
g′ with respect to φg′ . By Eqs. (14) and (17), we deduce that ρ
′ is a representation of the hom-Lie
algebra (g′, [·, ·]g′ , φg′) on g with respect to φg. Furthermore, Eqs. (16) and (18) are exactly Eqs.
(11) and (12) respectively. This finishes the proof.
Definition 3.2. Amatched pair of hom-Lie algebras, which we denote by (g, g′; ρ, ρ′), consists
of two hom-Lie algebras (g, [·, ·]g, φg) and (g
′, [·, ·]g′ , φg′), together with representations ρ : g −→
gl(g′) and ρ′ : g′ −→ gl(g) with respect to φg′ and φg respectively, such that the compatibility
conditions (11) and (12) are satisfied.
In the following, we concentrate on the case that g′ is g∗, the dual space of g, and φg′ = φ
∗
g,
ρ = ad∗, ρ′ = ad∗, where ad∗ is the dual map of ad.
For a hom-Lie algebra (g, [·, ·]g, φg) (resp. (g
∗, [·, ·]g∗ , φg∗)), let ∆
∗ : g∗ −→ ∧2g∗ (resp. ∆ :
g −→ ∧2g) be the dual map of [·, ·]g : ∧
2g −→ g (resp. [·, ·]g∗ : ∧
2g∗ −→ g∗), i.e.
〈∆∗(ξ), x ∧ y〉 = 〈ξ, [x, y]g〉, 〈∆(x), ξ ∧ η〉 = 〈x, [ξ, η]g∗ 〉.
Definition 3.3. A pair of admissible hom-Lie algebras (g, [·, ·]g, φg) and (g
∗, [·, ·]g∗ , φ
∗
g) is called a
hom-Lie bialgebra if
〈∆[x, y]g, φ
∗
g(ξ) ∧ η〉 = 〈adφg(x)∆(y), φ
∗
g(ξ) ∧ η〉 − 〈adφg(y)∆(x), φ
∗
g(ξ) ∧ η〉, (19)
〈∆∗[ξ, η]g∗ , φg(x) ∧ y〉 = 〈adφ∗
g
(ξ)∆
∗(η), φg(x) ∧ y〉 − 〈adφ∗
g
(η)∆
∗(ξ), φg(x) ∧ y〉. (20)
Usually we denote a hom-Lie bialgebra simply by (g, g∗).
Remark 3.4. The notion of a hom-Lie bialgebra has already appeared in some references, e.g.
[13], where ∆ is a 1-cocycle, i.e.
∆[x, y]g = adφg(x)∆(y)− adφg(y)∆(x). (21)
If φg is not invertible, this condition is not the same as the condition in Definition 3.3. For
example, if φg = 0, then for any skew-symmetric bilinear map [·, ·]g, (g, [·, ·]g, 0) is a hom-Lie
algebra. Any pair of hom-Lie algebras (g, [·, ·]g, 0) and (g
∗, [·, ·]g∗ , 0) is a hom-Lie bialgebra (no
restriction on [·, ·]g∗) in the sense of Definition 3.3. However, if φg = 0, Eq. (21) implies that
∆|[g,g]g = 0, i.e. the cobracket [·, ·]g∗ must satisfy [ξ, η]g∗([x, y]g) = 0.
Theorem 3.5. A pair of admissible hom-Lie algebras (g, [·, ·]g, φg) and (g
∗, [·, ·]∗g, φ
∗
g) is a hom-Lie
bialgebra if and only if (g, [·, ·]g, φg) and (g
∗, [·, ·]g∗ , φ
∗
g) is a matched pair of hom-Lie algebras, i.e.
(g⊕g∗, [·, ·]d, φg⊕φ
∗
g) is a hom-Lie algebra, where [·, ·]d is given by Eq. (10), in which ρ = ad
∗ and
ρ′ = ad∗.
Proof. By Theorem 3.1, two admissible hom-Lie algebras (g, [·, ·]g, φg) and (g
∗, [·, ·]g∗ , φ
∗
g) is a
matched pair of hom-Lie algebras if and only if
ad∗φ∗
g
(ξ)[x, y]g = [ad
∗
ξx, φg(y)]g + [φg(x), ad
∗
ξy]g + ad
∗
ad∗yξ
φg(x)− ad
∗
ad∗xξ
φg(y), (22)
ad∗φg(x)[ξ, η]g∗ = [ad
∗
xξ, φ
∗
g(η)]g∗ + [φ
∗
g(ξ), ad
∗
xη]g∗ + ad
∗
ad∗ηx
φ∗g(ξ)− ad
∗
ad∗
ξ
xφ
∗
g(η). (23)
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By Eq. (22), we get
0 = 〈−ad∗φ∗
g
(ξ)[x, y]g + [ad
∗
ξx, φg(y)]g + [φg(x), ad
∗
ξy]g + ad
∗
ad∗yξ
φg(x) − ad
∗
ad∗xξ
φg(y), η〉
= 〈[x, y]g, [φ
∗
g(ξ), η]g∗〉 − 〈adφg(y)ad
∗
ξx, η〉+ 〈adφg(x)ad
∗
ξy, η〉
−〈φg(x), [ad
∗
yξ, η]g∗〉+ 〈φg(y), [ad
∗
xξ, η]g∗〉
= 〈[x, y]g, [φ
∗
g(ξ), η]g∗〉 − 〈x, [ξ, ad
∗
φg(y)η]g∗〉+ 〈y, [ξ, ad
∗
φg(x)η]g∗〉
−〈x, [φ∗gad
∗
yξ, φ
∗
gη]g∗〉+ 〈y, [φ
∗
gad
∗
xξ, φ
∗
gη]g∗〉
= 〈[x, y]g, [φ
∗
g(ξ), η]g∗〉 − 〈x, [(φ
∗
g)
2(ξ), ad∗φg(y)η]g∗〉+ 〈y, [(φ
∗
g)
2(ξ), ad∗φg(x)η]g∗〉 by Lemma 2.9
−〈x, [ad∗φg(y)φ
∗
g(ξ), φ
∗
gη]g∗〉+ 〈y, [ad
∗
φg(x)φ
∗
g(ξ), φ
∗
gη]g∗〉
= 〈∆[x, y]g, φ
∗
g(ξ) ∧ η〉 − 〈∆x, (φ
∗
g)
2(ξ) ∧ ad∗φg(y)η〉+ 〈∆y, (φ
∗
g)
2(ξ) ∧ ad∗φg(x)η〉
−〈∆x, ad∗φg(y)φ
∗
g(ξ) ∧ φ
∗
gη〉+ 〈∆y, ad
∗
φg(x)φ
∗
g(ξ) ∧ φ
∗
gη〉
= 〈∆[x, y]g, φ
∗
g(ξ) ∧ η〉 − 〈∆x, ad
∗
φg(y)(φ
∗
g(ξ) ∧ η)〉+ 〈∆y, ad
∗
φg(x)(φ
∗
g(ξ) ∧ η)〉
= 〈∆[x, y]g, φ
∗
g(ξ) ∧ η〉+ 〈adφg(y)∆x, φ
∗
g(ξ) ∧ η〉 − 〈adφg(x)∆y, φ
∗
g(ξ) ∧ η〉,
which is exactly Eq. (19). Similarly, we could deduce that Eq. (23) is equivalent to Eq. (20). This
finishes the proof.
Definition 3.6. A Manin triple of hom-Lie algebras is a triple of hom-Lie algebras (k; g, g′)
together with a nondegenerate symmetric bilinear form S(·, ·) on k such that
• S(·, ·) is invariant, i.e. for any x, y, z ∈ k, we have
S([x, y]k, z) = S(x, [y, z]k); (24)
S(φk(x), y) = S(x, φk(y)). (25)
• g and g′ are isotropic hom-Lie sub-algebras of k, such that k = g⊕ g′ as vector spaces.
Actually, (k, S) is a quadratic hom-Lie algebra, see [2] for more details. A Lagrangian hom-
subalgebra of a quadratic hom-Lie algebra is defined to be a maximal isotropic hom-Lie subalge-
bra.
Let (g, g∗) be a hom-Lie bialgebra, i.e. g and g∗ are admissible hom-Lie algebras such that Eqs.
(19) and (20) are satisfied. By Theorem 3.5, we know that (g⊕ g∗, [·, ·]g⊕g∗ , φg ⊕ φ
∗
g) is a hom-Lie
algebra, where [·, ·]g⊕g∗ is given by
[x+ ξ, y + η]g⊕g∗ = [x, y]g + [ξ, η]g∗ + ad
∗
xη − ad
∗
yξ + ad
∗
ξy − ad
∗
ηx. (26)
Furthermore, there is an obvious symmetric bilinear form on g⊕ g∗:
S(x+ ξ, y + η) = 〈x, η〉 + 〈y, ξ〉. (27)
It is obvious that Eqs. (24) and (25) are satisfied, i.e. the bilinear form defined by Eq. (27) is
invariant. Thus, we have
Proposition 3.7. Let (g, g∗) be a hom-Lie bialgebra. Then (g ⊕ g∗; g, g∗) is a Manin triple of
hom-Lie algebras.
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Conversely, if (g ⊕ g∗; g, g∗) is a Manin triple of hom-Lie algebras with the invariant bilinear
form S given by Eq. (27), then for any x, y ∈ g and ξ, η ∈ g∗, due to the invariance of S, we have
S(φg(x), ξ) = S(x, φg∗(ξ)) = 〈φg(x), ξ〉 = 〈x, φg∗(ξ)〉,
which implies that φg∗ = φ
∗
g, and
S([x, ξ]g⊕g∗ , y) = S([y, x]g, ξ) = 〈−adxy, ξ〉 = 〈ad
∗
xξ, y〉,
S([x, ξ]g⊕g∗ , η) = S(x, [ξ, η]g∗) = 〈adξη, x〉 = 〈−ad
∗
ξx, η〉,
which implies that
[x, ξ]g⊕g∗ = ad
∗
xξ − ad
∗
ξx,
that is, the hom-Lie bracket on g⊕g∗ is given by Eq. (26). Therefore, (g, g∗; ad∗, ad∗) is a matched
pair of hom-Lie algebras and hence (g, g∗) is a hom-Lie bialgebra. Note that we deduce naturally
that both g and g∗ are admissible hom-Lie algebras.
Summarizing the above study, Theorem 3.5 and Proposition 3.7, we have the following conclu-
sion.
Theorem 3.8. Let (g, [·, ·]g, φg) and (g
∗, [·, ·]g∗ , φ
∗
g) be two admissible hom-Lie algebras. Then the
following conditions are equivalent.
(i) (g, g∗) is a hom-Lie bialgebra.
(ii) (g, g∗; ad∗, ad∗) is a matched pair of hom-Lie algebras.
(iii) (g⊕ g∗; g, g∗) is a Manin triple of hom-Lie algebras with the invariant bilinear form (27).
The bilinear form S(·, ·) given by Eq. (27) is called the standard bilinear form on g ⊕ g∗,
and the hom-Lie bracket given by Eq. (26) is called the standard hom-Lie bracket on g⊕ g∗.
The Manin triple (g⊕ g∗; g, g∗) is called the standard Manin triple.
Proposition 3.9. Any Manin triple of hom-Lie algebras (k; g, g′) is isomorphic to the standard
Manin triple (g⊕ g∗; g, g∗).
Proof. Since g and g′ are isotropic under the nondegenerate bilinear form S(·, ·) on k = g⊕ g′, we
deduce that g′ is isomorphic to g∗. Thus, k is isomorphic to g⊕ g∗ as vector spaces. Transfer the
nondegenerate bilinear form S(·, ·) to g⊕ g∗, we obtain the standard bilinear form (27).
Denote by φg∗ : g
∗ −→ g∗ the induced map from φg′ = φk|g′ . Due to the invariance of S, we
show that φg∗ = φ
∗
g.
It is straightforward to check that the hom-Lie bracket on k can be transferred into g ⊕ g∗,
which is the standard hom-Lie bracket (26). Thus, (k; g, g′) is isomorphic to the standard Manin
triple (g⊕ g∗; g, g∗).
4 r-matrices
For any r ∈ ∧2g, the induced skew-symmetric linear map r♯ : g∗ −→ g is defined by
〈r♯(ξ), η〉 = 〈r, ξ ∧ η〉.
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Definition 4.1. A coboundary hom-Lie bialgebra is a hom-Lie bialgebra (g, g∗) such that
〈∆(x), φ∗g(ξ) ∧ η〉 = 〈[x, r]g, φ
∗
g(ξ) ∧ η〉, (28)
where r ∈ ∧2g satisfies
φg ◦ r
♯ ◦ φ∗g = r
♯. (29)
A triangular hom-Lie bialgebra is a coboundary hom-Lie bialgebra, in which r is a solution
of the following classical hom-Yang-Baxter equation
[r, r]g = 0. (30)
Remark 4.2. It is easy to see that Eq. (29) is equivalent to that φ⊗2g r = r, which means that r is
a 0-cochain, see [11] for more details. It is also easy to show that if φg is orthogonal as a linear
transformation on g, then Eq. (29) holds if and only if φg ◦ r
♯ = r♯ ◦ φ∗g.
Proposition 4.3. With the above notations, let (g, g∗) be a coboundary hom-Lie bialgebra. Then
for any ξ ∈ Im(φ∗g) and η ∈ g
∗, we have
[ξ, η]g∗ = ad
∗
r♯◦φ∗
g
(ξ)η − ad
∗
r♯◦φ∗
g
(η)ξ. (31)
Proof. To be simple, assume that r = X ∧ Y is a monomial. We have
〈x, [ξ, η]g∗〉
= 〈∆(x), ξ ∧ η〉 = 〈[x, r]g, ξ ∧ η〉
= 〈[x,X ]g ∧ φg(Y ) + φg(X) ∧ [x, Y ]g, ξ ∧ η〉
= 〈[x,X ]g, ξ〉〈φg(Y ), η〉 − 〈[x,X ]g, η〉〈φg(Y ), ξ〉+ 〈[x, Y ]g, η〉〈φg(X), ξ〉 − 〈[x, Y ]g, ξ〉〈φg(X), η〉
= −〈[x, 〈φg(Y ), ξ〉X ]g, η〉+ 〈[x, 〈φg(X), ξ〉Y ]g, η〉+ 〈[x, 〈φg(Y ), η〉X ]g, ξ〉 − 〈[x, 〈φg(X), η〉Y ]g, ξ〉
= −〈[x, 〈Y, φ∗g(ξ)〉X ]g, η〉+ 〈[x, 〈X,φ
∗
g(ξ)〉Y ]g, η〉+ 〈[x, 〈Y, φ
∗
g(η)〉X ]g, ξ〉 − 〈[x, 〈X,φ
∗
g(η)〉Y ]g, ξ〉
= 〈[x, r♯ ◦ φ∗g(ξ)]g, η〉 − 〈[x, r
♯ ◦ φ∗g(η)]g, ξ〉
= 〈x, ad∗r♯◦φ∗
g
(ξ)η − ad
∗
r♯◦φ∗
g
(η)ξ〉,
which implies the conclusion.
Even though formula (31) does not hold for any ξ, η ∈ g∗, but we have
Corollary 4.4. With the above notations, let (g, g∗) be a coboundary hom-Lie bialgebra. Then for
any ξ, η ∈ g∗, we have
φ∗g[ξ, η]g∗ = φ
∗
g
(
ad∗r♯◦φ∗
g
(ξ)η − ad
∗
r♯◦φ∗
g
(η)ξ
)
. (32)
Proof. By Proposition 4.3, we have
φ∗g[ξ, η]g∗ = [φ
∗
g(ξ), φ
∗
g(η)]g∗ = ad
∗
r♯◦(φ∗
g
)2(ξ)φ
∗
g(η)− ad
∗
r♯◦(φ∗
g
)2(η)φ
∗
g(ξ).
In the following we prove that
ad∗r♯◦(φ∗
g
)2(ξ)φ
∗
g(η) = φ
∗
gad
∗
r♯◦φ∗
g
(ξ)η. (33)
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For any x ∈ g, we have
〈ad∗r♯◦(φ∗
g
)2(ξ)φ
∗
g(η), x〉 = −〈φ
∗
g(η), [r
♯ ◦ (φ∗g)
2(ξ), x]g〉
= −〈η, [φg ◦ r
♯ ◦ (φ∗g)
2(ξ), φg(x)]g〉
= −〈η, [r♯ ◦ φ∗g(ξ), φg(x)]g〉 by Eq. (29),
= −〈η, [φ2g ◦ r
♯ ◦ φ∗g(ξ), φg(x)]g〉 by Eq. (6),
= −〈φ∗g(η), [φg ◦ r
♯ ◦ φ∗g(ξ), x]g〉
= 〈ad∗φg◦r♯◦φ∗g(ξ)φ
∗
g(η), x〉
= 〈φ∗gad
∗
r♯◦φ∗
g
(ξ)η, x〉.
The last equality holds since g is admissible, i.e. ad∗ is a representation. Then we obtain Eq. (33).
The proof is finished.
Corollary 4.5. Let (g, g∗) be a coboundary hom-Lie bialgebra. If g is regular, then we have
adr♯◦φ∗
g
(ξ) = adφg◦r♯(ξ), (34)
i.e. the image of r♯ ◦ φ∗g − φg ◦ r
♯ belongs to the center of g.
Proof. We have proved that
ad∗r♯◦(φ∗
g
)2(ξ)φ
∗
g(η) = ad
∗
φg◦r♯◦φ∗g(ξ)
φ∗g(η).
Thus, if g is regular, we have
ad∗r♯◦φ∗
g
(ξ) = ad
∗
φg◦r♯(ξ)
,
which implies the conclusion.
Lemma 4.6. Let g be a regular admissible hom-Lie algebra. If r ∈ ∧2g satisfies Eq. (29) and
[·, ·]∗g : ∧
2g∗ −→ g∗ is given by Eq. (31), then we have
[r♯ ◦ φ∗g(ξ), r
♯ ◦ φ∗g(η)]g − r
♯ ◦ φ∗g[ξ, η]g∗ =
1
2
[r, r]g(ξ, η). (35)
Proof. For any γ ∈ g∗, by Corollary 4.5, we have
〈r♯ ◦ φ∗g[ξ, η]g∗ , γ〉 = 〈ad
∗
r♯◦φ∗
g
(η)ξ − ad
∗
r♯◦φ∗
g
(ξ)η, φg ◦ r
♯(γ)〉
= 〈η, [r♯ ◦ φ∗g(ξ), φg ◦ r
♯(γ)]g〉 − 〈ξ, [r
♯ ◦ φ∗g(η), φg ◦ r
♯(γ)]g〉
= 〈η, [r♯ ◦ φ∗g(ξ), r
♯ ◦ φ∗g(γ)]g〉 − 〈ξ, [r
♯ ◦ φ∗g(η), r
♯ ◦ φ∗g(γ)]g〉.
Then it is straightforward to deduce that
1
2
[r, r]g(ξ, η, γ) = −〈η, [r
♯◦φ∗g(ξ), r
♯◦φ∗g(γ)]g〉+〈ξ, [r
♯◦φ∗g(η), r
♯◦φ∗g(γ)]g〉+〈γ, [r
♯◦φ∗g(ξ), r
♯◦φ∗g(η)]g〉.
We leave it to readers. The proof is completed.
For a coboundary hom-Lie bialgebra (g, g∗), if g is regular, Eq. (28) reduces to
∆(x) = [x, r]g, (36)
and for any ξ, η ∈ g∗, [ξ, η]g∗ is given by Eq. (31).
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Theorem 4.7. Let g be a regular admissible hom-Lie algebra. Define a skew-symmetric bilinear
map [·, ·]g∗ ∧
2 g∗ −→ g∗ by Eq. (31), for some r ∈ ∧2g satisfying Eq. (29). Then (g∗, [·, ·]g∗ , φg∗)
is a hom-Lie algebra if and only if
adx[r, r]g = 0. (37)
Under this condition, (g, g∗) is a coboundary hom-Lie bialgebra.
Proof. The bracket [·, ·]g∗ is determined by the cobracket ∆(x) = [x, r]g. The condition φ
∗
g is an
algebra homomorphism with respect to [·, ·]g∗ is equivalent to φ
⊗2
g ∆(x) = ∆(φg(x)). If r satisfies
Eq. (29), equivalently, φ⊗2g r = r, then we have
∆(φg(x)) = [φg(x), r]g = [φg(x), φ
⊗2
g r]g = φ
⊗2
g [x, r]g = φ
⊗2
g ∆(x).
If [·, ·]g∗ satisfies the hom-Jacobi identity, we have
J(ξ, η, γ) = [φ∗g(ξ), [η, γ]g∗ ]g∗ + [φ
∗
g(η), [γ, ξ]g∗ ]g∗ + [φ
∗
g(γ), [ξ, η]g∗ ]g∗
= ad∗r♯◦(φ∗
g
)2(ξ)(ad
∗
r♯◦φ∗
g
(η)γ − ad
∗
r♯◦φ∗
g
(γ)η)− ad
∗
r♯◦φ∗
g
[η,γ]g∗
φ∗g(ξ) + c.p.
= ad∗φg◦r♯◦φ∗g(ξ)(ad
∗
r♯◦φ∗
g
(η)γ − ad
∗
r♯◦φ∗
g
(γ)η)− ad
∗
r♯◦φ∗
g
[η,γ]g∗
φ∗g(ξ) + c.p. by Corollary 4.5
= ad∗[r♯◦φ∗
g
(ξ),r♯◦φ∗
g
(η)]g
φ∗g(γ)− ad
∗
r♯◦φ∗
g
[ξ,η]g∗
φ∗g(γ) + c.p.
=
1
2
ad∗[r,r]g(ξ,η)φ
∗
g(γ) + c.p. by Lemma 4.6.
Thus, we have
〈2J(ξ, η, γ), x〉 = −〈φ∗g(γ), [[r, r]g(ξ, η), x]g〉+ c.p. = −〈ad
∗
xφ
∗
g(γ), [r, r]g(ξ, η)〉+ c.p.
= −[r, r]g(ξ, η, ad
∗
xφ
∗
g(γ)) + c.p.
= −[r, r]g(ξ, η, ad
∗
xφ
∗
g
−1(γ)) + c.p. by Corollary 2.8
= 〈−[r, r]g, ad
∗
x(φ
∗
g
−1(ξ) ∧ φ∗g
−1(η) ∧ φ∗g
−1(γ))〉
= 〈adx[r, r]g, φ
∗
g
−1(ξ) ∧ φ∗g
−1(η) ∧ φ∗g
−1(γ)〉,
which implies that under the condition (29), (g, [·, ·]g∗ , φ
∗
g) is a hom-Lie algebra if and only if Eq.
(37) is satisfied.
At last, if ∆(x) = [x, r]g, then the compatibility conditions in Definition 3.3 hold naturally.
The proof is completed.
Remark 4.8. A similar result was also given in [13] (see Theorem 4.5 therein). Here we give a
slightly different approach.
Let g be a regular admissible hom-Lie algebra and r ∈ ∧2g be invertible (that is, r♯ is invertible).
Define B ∈ ∧2g∗ by
B(x, y) = 〈r♯
−1
(x), y〉.
Proposition 4.9. With the above notations, r satisfies the classical hom-Yang-Baxter equation (30)
if and only if
B(x, φg[y, z]g) +B(z, φg([x, x]g)) +B(y, φg([z, x]g)) = 0. (38)
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Proof. For any x, y, z ∈ g, set x = r♯(ξ), y = r♯(η), z = r♯(γ). By Corollary 4.5 and Lemma 4.6, if
r satisfies the classical hom-Yang-Baxter equation, we have
B(x, φg[y, z]g) = 〈ξ, φg[r
♯(η), r♯(γ)]g〉 = 〈ξ, [r
♯ ◦ φ∗g(η), r
♯ ◦ φ∗g(γ)]g〉
= 〈ξ, r♯ ◦ φ∗g(ad
∗
r♯◦φ∗
g
(η)γ − ad
∗
r♯◦φ∗
g
(γ)η)〉
= 〈−φg ◦ r
♯(ξ), ad∗r♯◦φ∗
g
(η)γ − ad
∗
r♯◦φ∗
g
(γ)η〉
= 〈γ, [φg ◦ r
♯(η), φg ◦ r
♯(ξ)]g〉 − 〈η, [φg ◦ r
♯(γ), φg ◦ r
♯(ξ)]g〉
= B(z, φg([y, x]g))−B(y, φg([z, x]g)).
The converse part can be obtained similarly.
Remark 4.10. If φg is orthogonal, or the center of g is zero, by Corollary 4.5, we have r
♯ ◦ φ∗g =
φg ◦ r
♯. Thus, we have
B(φg(x), y) = 〈r
♯−1 ◦ φg(x), y〉 = 〈φ
∗
g ◦ r
♯−1(x), y〉 = 〈r♯
−1
(x), φg(y)〉 = B(x, φg(y)).
Therefore Eq. (38) can be rewritten as
B(φg(x), [y, z]g) +B(φg(y), [z, x]g) +B(φg(z), [x, y]g) = 0, (39)
which means that B is a 2-cocycle on g ([11]).
At the end of this section, we consider Lagrangian hom-subalgebras of a hom-Lie bialgebra.
Theorem 4.11. Let (g, g∗) be a regular hom-Lie bialgebra and R ∈ ∧2g, the graph of R♯ ◦ φ∗g,
which we denote by GR, is a Lagrangian hom-subalgebra of g ⊕ g
∗ if R♯ ◦ φ∗g = φg ◦ R
♯ and the
following Maurer-Cartan type equation is satisfied:
d∗TR +
1
2
[R,R]g = 0, (40)
where d∗T is the coboundary operator for the hom-Lie algebra g
∗ associated to the trivial represen-
tation.
Proof. It is easy to see that R♯ ◦ φg∗ = φg ◦ R
♯ guarantees that (φg ⊕ φg∗)GR ⊂ GR, and GR is
maximal isotropic. Next we show that GR is closed under the bracket operation [·, ·]g⊕g∗ given by
Eq. (26) if and only if Eq. (40) holds. First we have
[R♯ ◦ φ∗g(ξ) + ξ, R
♯ ◦ φ∗g(η) + η]g⊕g∗ = [R
♯ ◦ φ∗g(ξ), R
♯ ◦ φ∗g(η)]g − ad
∗
ηR
♯ ◦ φ∗g(ξ) + ad
∗
ξR
♯ ◦ φ∗g(η)
+[ξ, η]g∗ + ad
∗
R♯◦φ∗
g
(ξ)η − ad
∗
R♯◦φ∗
g
(η)ξ.
GR is closed if and only if
[R♯◦φ∗g(ξ), R
♯◦φ∗g(η)]g−ad
∗
ηR
♯◦φ∗g(ξ)+ad
∗
ξR
♯◦φ∗g(η) = R
♯◦φ∗g
(
[ξ, η]g∗+ad
∗
R♯◦φ∗
g
(ξ)η−ad
∗
R♯◦φ∗
g
(η)ξ
)
.
Note that
[R♯ ◦ φ∗g(ξ), R
♯ ◦ φ∗g(η)]g −R
♯ ◦ φ∗g
(
ad∗R♯◦φ∗
g
(ξ)η − ad
∗
R♯◦φ∗
g
(η)ξ
)
= [R♯ ◦ φ∗g(ξ), R
♯ ◦ φ∗g(η)]g −R
♯ ◦ φ∗g([ξ, η]R)
=
1
2
[R,R]g(ξ, η),
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and
〈−ad∗ηR
♯ ◦ φ∗g(ξ) + ad
∗
ξR
♯ ◦ φ∗g(η)−R
♯ ◦ φ∗g[ξ, η]g∗ , γ〉
= R(φ∗g(ξ), [η, γ]g∗)−R(φ
∗
g(η), [ξ, γ]g∗)−R([ξ, η]g∗ , φ
∗
g(γ))
= d∗TR(ξ, η, γ).
Thus, GR is closed if and only if Eq. (40) holds.
5 Interpretation of r-matrices in terms of operator forms
In this section, we give a further interpretation of the classical hom-Yang-Baxter equation.
Definition 5.1. Let (g, [·, ·]g, φg) be a hom-Lie algebra and (V,A, ρ) be a representation. A linear
map T : V → g is called an O-operator associated to (V,A, ρ) if T satisfies
(i) T ◦A = φg ◦ T ,
(ii) [T (u), T (v)]g = T (ρ(T (u))v − ρ(T (v)u)), ∀ u, v ∈ V.
Recall that a notion of a hom-Nijenhuis operator for a hom-Lie algebra (g, [·, ·]g, φg) was intro-
duced in [11], which could give a trivial deformation. See [4] for more details about Nijenhuis oper-
ators for Lie algebras and their applications in nonlinear evolution equations. A hom-Nijenhuis
operator is a linear map N : g −→ g satisfying N ◦ φg = φg ◦N and
[N(x), N(y)]g = N
(
[N(x), y]g + [x,N(y)]g −N [x, y]g
)
.
It is easy to show that
Lemma 5.2. A linear map T : V → g is an O-operator associated to (V,A, ρ) if and only if(
0 T
0 0
)
is a hom-Nijenhuis operator for the hom-Lie algebra g⋉ρ V .
Example 5.3. Let g be a hom-Lie algebra. A multiplicative Rota-Baxter operator (of weight
zero) R on g is an O-operator associated to the adjoint representation, that is, R satisfies ([10])
[R(x), R(y)]g = R([R(x), y]g − [R(y), x]g), ∀ x, y ∈ g.
Example 5.4. Let g be a regular admissible hom-Lie algebra. Suppose that r ∈ ∧2g satisfies Eq.
(29). By Lemma 4.6, r satisfies the classical hom-Yang-Baxter equation (30) if and only if r♯ ◦ φ∗g
is an O-operator associated to the co-adjoint representation ad∗.
There is a class of Hom-algebra structures behind:
Definition 5.5. ([9, 16]) A hom-left-symmetric algebra is a triple (V, ·, ψ) consisting of a
linear space V , a bilinear map · : V ⊗V → V and an algebra homomorphism ψ : V → V satisfying
(u · v) · ψ(w) − ψ(u) · (v · w) = (v · u) · ψ(w)− ψ(v) · (u · w), ∀ u, v, w ∈ V. (41)
It is called regular (involutive), if ψ is nondegenerate (satisfies ψ2 = Id).
The following conclusion is obvious.
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Proposition 5.6. Let (V, ·, ψ) be a hom-left-symmetric algebra.
(i) (g(V ), [·, ·]V , ψ) is a hom-Lie algebra, where g(V ) = V as a vector space, and the bracket
[·, ·]V is given by
[u, v]V = u · v − v · u.
We call (g(V ), [·, ·]V , ψ) the commutator hom-Lie algebra.
(ii) Let L : V → gl(V ) be a linear map defined by L(u)(v) = u ·v for any u, v ∈ V . Then (V, ψ, L)
is a representation of the hom-Lie algebra (g(V ), [·, ·]V , ψ) on V .
Proposition 5.7. Let (g, [·, ·], φg) be a hom-Lie algebra and (V,A, ρ) be a representation of g.
Suppose that T : V → g is an O-operator. Then there exists a hom-left-symmetric algebra structure
(V, ·, A) on V given by
u · v = ρ(T (u))v, ∀ u, v ∈ V. (42)
Proof. First by T ◦A = φg ◦ T and the fact that(V,A, ρ) is a representation, we have
A(u · v) = A(ρ(T (u))v) = ρ(φg(T (u)))A(v) = ρ(T (A(u))A(v) = A(u) · A(v),
which implies that A is an algebra homomorphism. Furthermore, we have
(u · v) ·A(w) −A(u) · (v · w)− (v · u) · A(w) +A(v) · (u · w)
= ρT (ρ(T (u))v)A(w)− ρT (A(u))ρ(T (v))w − ρT (ρ(T (v))u)A(w) + ρT (A(v))ρ(T (u))w
= ρT
(
ρ(T (u))v − ρ(T (v))u
)
A(w) − ρ(φg ◦ T (u))ρ(T (v))w + ρ(φg ◦ T (v))ρ(T (u))w
= ρ[T (u), T (v)]gA(w) − ρ(φg ◦ T (u))ρ(T (v))w + ρ(φg ◦ T (v))ρ(T (u))w
= 0.
The last equality holds also by the fact that (V,A, ρ) is a representation. Therefore, (V, ·, A) is a
hom-left-symmetric algebra.
The following consequence is obvious.
Corollary 5.8. With the above conditions, T is a homomorphism from the commutator hom-Lie
algebra (g(V ), [·, ·]V , A), given in Proposition 5.6, to (g, [·, ·]g, φg). Moreover, T (V ) = {T (u)|u ∈
V } ⊂ g is a hom-Lie subalgebra of (g, [·, ·]g, φg) and there is an induced hom-left-symmetric algebra
structure (T (V ), ·, φg) on T (V ) given by
T (u) · T (v) = T (u · v). (43)
When we take the adjoint representation, we have the following conclusion.
Corollary 5.9. ([10][Theorem 4.1]) Let (g, [·, ·]g, φg) be a hom-Lie algebra and R be a multiplicative
Rota-Baxter operator (of weight zero). Then (g, ·, φg) is a hom-left-symmetric algebra, where the
multiplication · is defined by x · y = [R(x), y]g.
Corollary 5.10. Let (g, [·, ·]g, φg) be a hom-Lie algebra. Then there is a hom-left-symmetric
algebra structure (g, ·, φg) on g such that the commutator hom-Lie algebra structure is (g, [·, ·]g, φg)
if and only if there exists an invertible O-operator T associated to a representation (V,A, ρ).
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Proof. Let T be an invertible O-operator associated to a representation (V,A, ρ). By Proposition
5.7, there exists a hom-left-symmetric algebra structure on T (V ) = g given by
x · y = T (ρ(x)T−1(y)).
Moreover, we have
x · y − y · x = T (ρ(x)T−1(y)− ρ(y)T−1(x)) = [T (T−1)(x), T (T−1)(y)]g = [x, y]g.
Conversely, the identity map id : g→ g is an invertible O-operator associated to the representation
(g, φg, L) given in Proposition 5.6.
Corollary 5.11. Let (g, [·, ·]g, φg) be a regular admissible hom-Lie algebra. Suppose that B ∈ ∧
2g∗
is a nondegenerate skew-symmetric bilinear form satisfying B(φg(x), y) = B(x, φg(y)) and Eq. (38).
Then there is a hom-left-symmetric algebra structure (g, ·, φg) on g given by
B(x · y, z) = −B(φg
−1(y), [x, φg(z)]g), (44)
such that the commutator hom-Lie algebra is (g, [·, ·]g, φg).
Proof. Let r ∈ ∧2g be determined by 〈r♯
−1
(x), y〉 = B(x, y). By B(φg(x), y) = B(x, φg(y)), we
have r♯ ◦φ∗g = φg ◦ r
♯. Therefore by the proof of Proposition 4.9, φg ◦ r
♯ is an invertible O-operator
associated to the co-adjoint representation (g∗, φ∗g, ad
∗). Hence by Corollary 5.10, (g, ·, φg) is a
hom-left-symmetric algebra, where the multiplication · is given by
B(x · y, z) = B(φg ◦ r
♯(ad∗(x)(r♯
−1
◦ φg
−1)(y)), z) = 〈φ∗g(ad
∗(x)(r♯
−1
◦ φg
−1)(y)), z〉
= 〈ad∗(x)(r♯
−1
◦ φg
−1)(y), φg(z)〉 = 〈r
♯−1 ◦ φg
−1(y),−[x, φg(z)]g〉
= −B(φg
−1(y), [x, φg(z)]g),
such that the commutator hom-Lie algebra is (g, [·, ·]g, φg).
At the end of this section, we study a relationship between an O-operator associated to an
arbitrary admissible representation and the classical hom-Yang-Baxter equation, which leads to a
construction of solutions of the classical hom-Yang-Baxter equation in terms of O-operators and
hom-left-symmetric algebras.
Let (g, [·, ·]g, φg) be a hom-Lie algebra and (V,A, ρ) be an admissible representation. Then we
have the semidirect product hom-Lie algebra g ⋉ρ∗ V
∗, and any linear map T : V −→ g can be
view as an element T ∈ ⊗2(g⊕ V ∗) via
T (ξ + u, η + v) = 〈T (u), η〉, ∀ ξ + u, η + v ∈ g∗ ⊕ V.
Let σ be the exchange operator acting on the tensor space, then r , T − σ(T ) is skew-symmetric.
Let {v1, · · · , vn} be a basis of V and {v
1, · · · , vn} be its dual basis.
Theorem 5.12. Let T : V → g be a linear map satisfying T ◦A = φg ◦ T . Then r = T − σ(T ) is
a solution of the classical hom-Yang-Baxter equation in the hom-Lie algebra g⋉ρ∗ V
∗ if and only
if T ◦A is an O-operator. Furthermore, if A is orthogonal, then we have (φg ⊕A
∗)⊗2r = r.
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Proof. It is obvious that T can be expressed by T = vi ⊗ T (vi). Here the Einstein summation
convention is used. Therefore, we can write r = vi ∧ T (vi). By direct computations, we have
[r, r]g⋉V ∗ = [v
i ∧ T (vi), v
j ∧ T (vj)]g⋉V ∗
= −[vi, T (vj)]g⋉V ∗ ∧ φg ◦ T (vi) ∧A
∗vj − [T (vi), v
j ]g⋉V ∗ ∧A
∗vi ∧ φg ◦ T (vj)
+[T (vi), T (vj)]g ∧A
∗vi ∧A∗vj
= 〈ρ∗(T (vj))(v
i), vm〉v
m ∧ T ◦A(vi) ∧ 〈A
∗vj , vn〉v
n
−〈ρ∗(T (vi))(v
j), vn〉v
n ∧ 〈A∗vi, vm〉v
m ∧ T ◦A(vj)
+[T (vi), T (vj)]g ∧ 〈A
∗vi, vm〉v
m ∧ 〈A∗vj , vn〉v
n
= −vm ∧ 〈vi, ρ(T (vj))(vm)〉〈v
j , A(vn)〉T ◦A(vi) ∧ v
n
+vn ∧ vm ∧ 〈vj , ρ(T (vi))(vn)〉〈v
i, A(vm)〉T ◦A(vj)
+〈vi, A(vm)〉〈v
j , A(vn)〉[T (vi), T (vj)]g ∧ v
m ∧ vn
= vm ∧ vn ∧ T ◦A(ρ(T ◦A(vn))(vm)) + v
n ∧ vm ∧ T ◦A(ρ(T ◦A(vm))(vn))
+[T ◦A(vm), T ◦A(vn)]g ∧ v
m ∧ vn
= vm ∧ vn ∧
(
T ◦A
(
ρ(T ◦A(vn))(vm)− ρ(T ◦A(vm))(vn)
)
+ [T ◦A(vm), T ◦A(vn)]g
)
.
Furthermore, since T ◦ A = φg ◦ T , it is obvious that T ◦ A satisfies (T ◦ A) ◦ A = φg ◦ (T ◦ A).
Thus, r is a solution of the classical hom-Yang-Baxter equation in the hom-Lie algebra g⋉ρ∗ V
∗
if and only if T ◦A is an O-operator.
Assume that A = (aij), then we have
(φg ⊕A
∗)⊗2r = A∗vi ∧ φg ◦ T (vi) = A
∗vi ∧ T (Avi)
= aijv
j ∧ aki T (vk) = (a
i
ja
k
i )v
j ∧ T (vk).
Therefore, if A is orthogonal, we have (φg ⊕A
∗)⊗2r = r.
Corollary 5.13. Let (V, ·, ψ) be a regular hom-left-symmetric algebra. Suppose that
(i) u · ψ(v) = ψ2(u) · ψ(v);
(ii) ψ((u · v − v · u) · w) = u · (ψ(v) · w)− v · (ψ(u) · w).
Then r = vi ∧ ψ−1(vi) is a solution of the classical hom-Yang-Baxter equation in the hom-Lie
algebra g(A)⋉L∗ A
∗.
Proof. Note that the above conditions (i) and (ii) are exactly the conditions that (V ∗, ψ∗, L∗)
is a representation of the commutator hom-Lie algebra g(A) with respect to ψ∗. Moreover, the
identity map id = ψ−1 ◦ ψ : V → g(V ) is an O-operator associated to the representation (V, ψ, L).
Therefore, the conclusion follows from Theorem 5.12.
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